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Homework 2 out today

2



Common theme today:


Orthogonality
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Linear least squares via the normal eqns.
The “best” solution (in the L2 sense) is given by:
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Linear least squares via the normal eqns.
.. which is equivalent to a smaller square linear system
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The normal equations yield a symmetric quadratic linear system, 

whose size is given by the number of columns of A.



RGL Realistic Graphics Lab

Normal equations

6

r(x)



RGL Realistic Graphics Lab

Regression and its limitations

7

68 ⌅ Numerical Algorithms

(a) Overfitting (b) Wrong basis

Figure 4.2 Drawbacks of fitting function values exactly: (a) noisy data might be
better represented by a simple function rather than a complex curve that touches
every data point and (b) the basis functions might not be tuned to the function
being sampled. In (b), we fit a polynomial of degree eight to nine samples from
f(x) = |x| but would have been more successful using a basis of line segments.

Example 4.4 (Oscillation). A foundational notion from signal processing for audio and
images is the decomposition of a function into a linear combination of cosine or sine waves
at di↵erent frequencies. This decomposition of a function defines its Fourier transform.

As the simplest possible case, we can try to recover the parameters of a single-frequency
wave. Suppose we wish to find parameters a and � of a function f(x) = a cos(x+�) given
two (x, y) samples satisfying y(1) = f(x(1)) and y(2) = f(x(2)). Although this setup as
we have written it is nonlinear, we can recover a and � using a linear system after some
mathematical transformations.

From trigonometry, any function of the form g(x) = a1 cosx+ a2 sinx can be written
g(x) = a cos(x+ �) after applying the formulae

a =
q

a21 + a22 � = � arctan
a2
a1

.

We can find f(x) by applying the linear method to compute the coe�cients a1 and a2 in
g(x) and then using these formulas to find a and �. This construction can be extended
to fitting functions of the form f(x) =

P
k
ak cos(x+ �k), giving one way to motivate the

discrete Fourier transform of f , explored in Exercise 4.15.

4.1.2 Least-Squares
The techniques in §4.1.1 provide valuable methods for finding a continuous f matching a
set of data pairs ~xk 7! yk exactly. For this reason, they are called interpolation schemes,
which we will explore in detail in Chapter 13. They have two related drawbacks, illustrated
in Figure 4.2:

• There might be some error in measuring the values ~xk and yk. In this case, a simpler
f(~x) satisfying the approximate relationship f(~xk) ⇡ yk may be acceptable or even
preferable to an exact f(~xk) = yk that goes through each data point.

• If there are m functions f1, . . . , fm, then we use exactly m observations ~xk 7! yk.
Additional observations have to be thrown out, or we have to introduce more fk’s,
which can make the resulting function f(~x) increasingly complicated.

Overfitting: Wrong model:

[Justin Solomon]
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Demo time
Use of the normal equations in practice
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Okay, so what's the catch?

9

cond(ATA) ⇡ cond(A)2

The condition number of a problem expressed using the normal equations is 

often much worse that the condition number of the original problem.

One of our goals for today: can we solve the same problem, but without ever building ATA?
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The issue with the Vandermonde matrix
Geometric interpretation

10

Introduction Polynomial Alternative Bases Piecewise Bases Multiple Dimensions Theory of Interpolation

Conditioning Issues

pk(x) = x
k look similar on [0, 1] for large k

CS 205A: Mathematical Methods Interpolation 12 / 42

[Solomon]

Monomials of different powers
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Monomials of different powers
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The issue with the Vandermonde matrix
Geometric interpretation

10

Introduction Polynomial Alternative Bases Piecewise Bases Multiple Dimensions Theory of Interpolation

Conditioning Issues

pk(x) = x
k look similar on [0, 1] for large k

CS 205A: Mathematical Methods Interpolation 12 / 42

Idea: somehow make problem

more "orthogonal"

…

Almost parallel columns.

[Solomon]

Monomials of different powers
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Measuring orthogonality
The inner product measures a projection
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eter ru
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If a and b are perpendicular,                    . aTb = 0
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aTa = 1If a has unit length,                     .
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Gram-Schmidt orthogonalization
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Gram-Schmidt orthogonalization
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Then
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Inner products are more general

13
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Gram-schmidt applied to polynomials

14

Let's assume that everything is defined on the interval [-1, 1].
Input (monomials)
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Demo time
Same problem, but once more with Legendre Polynomials
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Legendre Polynomials: summary

16

• Legrendre polynomials span the same domain as monomials


- but they are orthogonal to each other!


• Problems with poor condition number disappear completely!


• Use them when you need to fit a smooth function to some data.



Demo time
Runge function
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Taylor's theorem
Approximation of a function around a point. 

What about the error away from this point?

18
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f 00(a)

2
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a

The residual of the approximation is equal to the k+1st


derivative somewhere between the expansion point and

where the function is evaluated.
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Taylor's theorem for polynomials
Approximation of a function around a sequence of points. 

What about the error?
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Taylor's theorem for polynomials
Approximation of a function around a sequence of points. 
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xi = cos
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2n

p

◆
Optimal set of points that achieve this:



Demo time
Runge function, part II


(this time, using Chebyshev points)



The QR decomposition



RGL Realistic Graphics Lab

The QR factorization

22

• Different flavors exist: Gram-Schmidt, Givens Rotations, Housholder Transformations


• Follows previous approach of using (pre-)computation to transform a “difficult” linear 
system into one that has a special structure, making it “easy”.


• Compared to LU, one triangular factor was replaced by an orthogonal matrix.
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• Different flavors exist: Gram-Schmidt, Givens Rotations, Housholder Transformations


• Follows previous approach of using (pre-)computation to transform a “difficult” linear 
system into one that has a special structure, making it “easy”.


• Compared to LU, one triangular factor was replaced by an orthogonal matrix.
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1
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Orthogonal transformations: preserve distances, angles. They do not amplify error!
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Recap: the geometry of least squares problems

23

r(x)
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E9E8E7E6E5E4E3E2E1A

Motivation from the LU decomposition
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pivot element

RGL Realistic Graphics Lab
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0
0
0

0
0 0

RGL Realistic Graphics Lab



RGL Realistic Graphics Lab

Initial Observations Orthogonality Least-Squares Projections Gram-Schmidt Householder QR Reduced QR

Geometric Interpretation

CS 205A: Mathematical Methods Column Spaces and QR 8 / 33

Isometries
A transformation that preserves angles & distances is called an isometry.

25

Isometric Not isometric

[Justin Solomon]

rotate mirror shear

The problem: least squares problems seek the solution in span(A) that is closest to b. If

we non-isometrically transform the problem, then that actually changes the answer..
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Recap: matrix transformations in 2D

26
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Not an Isometry!
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QR decomposition

27

0
0
0

0
0 0

R = Q3Q2Q1A
"R" as in right triangular. Means the same thing as upper-triangular.
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The challenge

28
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Goal: zero out all elements of x except for the first.
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Qx = Q

0

BBB@

x1
x2
...

xn

1

CCCA
=

0

BBB@

x̃1
0
...
0

1

CCCA

Challenge: need to do this only using rotations or reflections..
Let’s look at a 2D example!

Goal: zero out all elements of x except for the first.
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e1

e2

reflection

axis

x

x̃

v

x̃ = x � 2(vTx)v
(assuming that                )kvk = 1 Q = I � 2

vvT

vTv

General form:
x̃ = Qx , where
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Normal QR:

Economy size:
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system, giving the least squares solution without having to use the normal equations.
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Using the QR factorization

33

- Be mindful to not compute an inverse of R. Instead, solve the upper-triangular 
system R x = QT b via back-substitution! 

- More expensive to compute than LU factorization (~2X). Can solve tall linear 
system, giving the least squares solution without having to use the normal equations.

- QR Factorization is numerically extremely well-behaved. Works even for singular  
(or zero-valued!) matrices.
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Geometric interpretation
Rotate, project, then unwarp!

<latexit sha1_base64="J7gbYEfemOMoIJxcfzpzoUmsvIs=">AAACI3icbVDLSgMxFM3Ud32NunQTLAUFKTMi6kbwsXFpxT6gU0omzbShmYfJHbEO8wV+hx/gVj/Bnbhx4drfMNNWsNYDgcM595XjRoIrsKwPIzc1PTM7N7+QX1xaXlk119arKowlZRUailDWXaKY4AGrAAfB6pFkxHcFq7m988yv3TKpeBhcQz9iTZ90Au5xSkBLLbPo+AS6rpeUd/FVeuwAuwOA5Eam2z/OabrTMgtWyRoATxJ7RApohMuW+eW0Qxr7LAAqiFIN24qgmRAJnAqW5p1YsYjQHumwhqYB8ZlqJoPvpLiolTb2QqlfAHig/u5IiK9U33d1ZXai+utl4n9eIwbvqJnwIIqBBXS4yIsFhhBn2eA2l4yC6GtCqOT6Vky7RBIKOsGxLdnsiNyHqU7G/pvDJKnuleyD0n55v3ByNspoHm2iLbSNbHSITtAFukQVRNEDekLP6MV4NF6NN+N9WJozRj0baAzG5zeTCqWj</latexit>

Q, R = qr(A)
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Geometric interpretation
Rotate, project, then unwarp!

<latexit sha1_base64="J7gbYEfemOMoIJxcfzpzoUmsvIs=">AAACI3icbVDLSgMxFM3Ud32NunQTLAUFKTMi6kbwsXFpxT6gU0omzbShmYfJHbEO8wV+hx/gVj/Bnbhx4drfMNNWsNYDgcM595XjRoIrsKwPIzc1PTM7N7+QX1xaXlk119arKowlZRUailDWXaKY4AGrAAfB6pFkxHcFq7m988yv3TKpeBhcQz9iTZ90Au5xSkBLLbPo+AS6rpeUd/FVeuwAuwOA5Eam2z/OabrTMgtWyRoATxJ7RApohMuW+eW0Qxr7LAAqiFIN24qgmRAJnAqW5p1YsYjQHumwhqYB8ZlqJoPvpLiolTb2QqlfAHig/u5IiK9U33d1ZXai+utl4n9eIwbvqJnwIIqBBXS4yIsFhhBn2eA2l4yC6GtCqOT6Vky7RBIKOsGxLdnsiNyHqU7G/pvDJKnuleyD0n55v3ByNspoHm2iLbSNbHSITtAFukQVRNEDekLP6MV4NF6NN+N9WJozRj0baAzG5zeTCqWj</latexit>

Q, R = qr(A)
<latexit sha1_base64="DDm6r/w0hV0tN5aW+I0MYeFfsRs=">AAACIXicbVBNSgMxGM3Uv1r/qi7dBIvoqsxIUTdC0Y3LFvoHbS2ZNNOGZpIhyQh1mAN4Dg/gVo/gTtyJB/AaZtoRbeuDwOO97y/PDRhV2rY/rMzS8srqWnY9t7G5tb2T391rKBFKTOpYMCFbLlKEUU7qmmpGWoEkyHcZabqj68Rv3hGpqOA1PQ5I10cDTj2KkTZSL1/o+EgPXS9y4+PLH16Nb2vw1zBVdtGeAC4SJyUFkKLSy391+gKHPuEaM6RU27ED3Y2Q1BQzEuc6oSIBwiM0IG1DOfKJ6kaTz8TwyCh96AlpHtdwov7tiJCv1Nh3TWVyoZr3EvE/rx1q76IbUR6EmnA8XeSFDGoBk2Rgn0qCNRsbgrCk5laIh0girE1+M1uS2QG6F0kyznwOi6RxWnTOiqVqqVC+SjPKggNwCE6AA85BGdyACqgDDB7AE3gGL9aj9Wq9We/T0oyV9uyDGVif30fdpP4=</latexit>

b0 = QTb
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<latexit sha1_base64="J7gbYEfemOMoIJxcfzpzoUmsvIs=">AAACI3icbVDLSgMxFM3Ud32NunQTLAUFKTMi6kbwsXFpxT6gU0omzbShmYfJHbEO8wV+hx/gVj/Bnbhx4drfMNNWsNYDgcM595XjRoIrsKwPIzc1PTM7N7+QX1xaXlk119arKowlZRUailDWXaKY4AGrAAfB6pFkxHcFq7m988yv3TKpeBhcQz9iTZ90Au5xSkBLLbPo+AS6rpeUd/FVeuwAuwOA5Eam2z/OabrTMgtWyRoATxJ7RApohMuW+eW0Qxr7LAAqiFIN24qgmRAJnAqW5p1YsYjQHumwhqYB8ZlqJoPvpLiolTb2QqlfAHig/u5IiK9U33d1ZXai+utl4n9eIwbvqJnwIIqBBXS4yIsFhhBn2eA2l4yC6GtCqOT6Vky7RBIKOsGxLdnsiNyHqU7G/pvDJKnuleyD0n55v3ByNspoHm2iLbSNbHSITtAFukQVRNEDekLP6MV4NF6NN+N9WJozRj0baAzG5zeTCqWj</latexit>

Q, R = qr(A)
<latexit sha1_base64="DDm6r/w0hV0tN5aW+I0MYeFfsRs=">AAACIXicbVBNSgMxGM3Uv1r/qi7dBIvoqsxIUTdC0Y3LFvoHbS2ZNNOGZpIhyQh1mAN4Dg/gVo/gTtyJB/AaZtoRbeuDwOO97y/PDRhV2rY/rMzS8srqWnY9t7G5tb2T391rKBFKTOpYMCFbLlKEUU7qmmpGWoEkyHcZabqj68Rv3hGpqOA1PQ5I10cDTj2KkTZSL1/o+EgPXS9y4+PLH16Nb2vw1zBVdtGeAC4SJyUFkKLSy391+gKHPuEaM6RU27ED3Y2Q1BQzEuc6oSIBwiM0IG1DOfKJ6kaTz8TwyCh96AlpHtdwov7tiJCv1Nh3TWVyoZr3EvE/rx1q76IbUR6EmnA8XeSFDGoBk2Rgn0qCNRsbgrCk5laIh0girE1+M1uS2QG6F0kyznwOi6RxWnTOiqVqqVC+SjPKggNwCE6AA85BGdyACqgDDB7AE3gGL9aj9Wq9We/T0oyV9uyDGVif30fdpP4=</latexit>
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<latexit sha1_base64="J7gbYEfemOMoIJxcfzpzoUmsvIs=">AAACI3icbVDLSgMxFM3Ud32NunQTLAUFKTMi6kbwsXFpxT6gU0omzbShmYfJHbEO8wV+hx/gVj/Bnbhx4drfMNNWsNYDgcM595XjRoIrsKwPIzc1PTM7N7+QX1xaXlk119arKowlZRUailDWXaKY4AGrAAfB6pFkxHcFq7m988yv3TKpeBhcQz9iTZ90Au5xSkBLLbPo+AS6rpeUd/FVeuwAuwOA5Eam2z/OabrTMgtWyRoATxJ7RApohMuW+eW0Qxr7LAAqiFIN24qgmRAJnAqW5p1YsYjQHumwhqYB8ZlqJoPvpLiolTb2QqlfAHig/u5IiK9U33d1ZXai+utl4n9eIwbvqJnwIIqBBXS4yIsFhhBn2eA2l4yC6GtCqOT6Vky7RBIKOsGxLdnsiNyHqU7G/pvDJKnuleyD0n55v3ByNspoHm2iLbSNbHSITtAFukQVRNEDekLP6MV4NF6NN+N9WJozRj0baAzG5zeTCqWj</latexit>
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<latexit sha1_base64="DDm6r/w0hV0tN5aW+I0MYeFfsRs=">AAACIXicbVBNSgMxGM3Uv1r/qi7dBIvoqsxIUTdC0Y3LFvoHbS2ZNNOGZpIhyQh1mAN4Dg/gVo/gTtyJB/AaZtoRbeuDwOO97y/PDRhV2rY/rMzS8srqWnY9t7G5tb2T391rKBFKTOpYMCFbLlKEUU7qmmpGWoEkyHcZabqj68Rv3hGpqOA1PQ5I10cDTj2KkTZSL1/o+EgPXS9y4+PLH16Nb2vw1zBVdtGeAC4SJyUFkKLSy391+gKHPuEaM6RU27ED3Y2Q1BQzEuc6oSIBwiM0IG1DOfKJ6kaTz8TwyCh96AlpHtdwov7tiJCv1Nh3TWVyoZr3EvE/rx1q76IbUR6EmnA8XeSFDGoBk2Rgn0qCNRsbgrCk5laIh0girE1+M1uS2QG6F0kyznwOi6RxWnTOiqVqqVC+SjPKggNwCE6AA85BGdyACqgDDB7AE3gGL9aj9Wq9We/T0oyV9uyDGVif30fdpP4=</latexit>
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<latexit sha1_base64="J7gbYEfemOMoIJxcfzpzoUmsvIs=">AAACI3icbVDLSgMxFM3Ud32NunQTLAUFKTMi6kbwsXFpxT6gU0omzbShmYfJHbEO8wV+hx/gVj/Bnbhx4drfMNNWsNYDgcM595XjRoIrsKwPIzc1PTM7N7+QX1xaXlk119arKowlZRUailDWXaKY4AGrAAfB6pFkxHcFq7m988yv3TKpeBhcQz9iTZ90Au5xSkBLLbPo+AS6rpeUd/FVeuwAuwOA5Eam2z/OabrTMgtWyRoATxJ7RApohMuW+eW0Qxr7LAAqiFIN24qgmRAJnAqW5p1YsYjQHumwhqYB8ZlqJoPvpLiolTb2QqlfAHig/u5IiK9U33d1ZXai+utl4n9eIwbvqJnwIIqBBXS4yIsFhhBn2eA2l4yC6GtCqOT6Vky7RBIKOsGxLdnsiNyHqU7G/pvDJKnuleyD0n55v3ByNspoHm2iLbSNbHSITtAFukQVRNEDekLP6MV4NF6NN+N9WJozRj0baAzG5zeTCqWj</latexit>

Q, R = qr(A)
<latexit sha1_base64="DDm6r/w0hV0tN5aW+I0MYeFfsRs=">AAACIXicbVBNSgMxGM3Uv1r/qi7dBIvoqsxIUTdC0Y3LFvoHbS2ZNNOGZpIhyQh1mAN4Dg/gVo/gTtyJB/AaZtoRbeuDwOO97y/PDRhV2rY/rMzS8srqWnY9t7G5tb2T391rKBFKTOpYMCFbLlKEUU7qmmpGWoEkyHcZabqj68Rv3hGpqOA1PQ5I10cDTj2KkTZSL1/o+EgPXS9y4+PLH16Nb2vw1zBVdtGeAC4SJyUFkKLSy391+gKHPuEaM6RU27ED3Y2Q1BQzEuc6oSIBwiM0IG1DOfKJ6kaTz8TwyCh96AlpHtdwov7tiJCv1Nh3TWVyoZr3EvE/rx1q76IbUR6EmnA8XeSFDGoBk2Rgn0qCNRsbgrCk5laIh0girE1+M1uS2QG6F0kyznwOi6RxWnTOiqVqqVC+SjPKggNwCE6AA85BGdyACqgDDB7AE3gGL9aj9Wq9We/T0oyV9uyDGVif30fdpP4=</latexit>

b0 = QTb

Geometric interpretation

Simpler square

2D problem!



RGL Realistic Graphics Lab

Rotate, project, then unwarp!

35

<latexit sha1_base64="J7gbYEfemOMoIJxcfzpzoUmsvIs=">AAACI3icbVDLSgMxFM3Ud32NunQTLAUFKTMi6kbwsXFpxT6gU0omzbShmYfJHbEO8wV+hx/gVj/Bnbhx4drfMNNWsNYDgcM595XjRoIrsKwPIzc1PTM7N7+QX1xaXlk119arKowlZRUailDWXaKY4AGrAAfB6pFkxHcFq7m988yv3TKpeBhcQz9iTZ90Au5xSkBLLbPo+AS6rpeUd/FVeuwAuwOA5Eam2z/OabrTMgtWyRoATxJ7RApohMuW+eW0Qxr7LAAqiFIN24qgmRAJnAqW5p1YsYjQHumwhqYB8ZlqJoPvpLiolTb2QqlfAHig/u5IiK9U33d1ZXai+utl4n9eIwbvqJnwIIqBBXS4yIsFhhBn2eA2l4yC6GtCqOT6Vky7RBIKOsGxLdnsiNyHqU7G/pvDJKnuleyD0n55v3ByNspoHm2iLbSNbHSITtAFukQVRNEDekLP6MV4NF6NN+N9WJozRj0baAzG5zeTCqWj</latexit>

Q, R = qr(A)
<latexit sha1_base64="DDm6r/w0hV0tN5aW+I0MYeFfsRs=">AAACIXicbVBNSgMxGM3Uv1r/qi7dBIvoqsxIUTdC0Y3LFvoHbS2ZNNOGZpIhyQh1mAN4Dg/gVo/gTtyJB/AaZtoRbeuDwOO97y/PDRhV2rY/rMzS8srqWnY9t7G5tb2T391rKBFKTOpYMCFbLlKEUU7qmmpGWoEkyHcZabqj68Rv3hGpqOA1PQ5I10cDTj2KkTZSL1/o+EgPXS9y4+PLH16Nb2vw1zBVdtGeAC4SJyUFkKLSy391+gKHPuEaM6RU27ED3Y2Q1BQzEuc6oSIBwiM0IG1DOfKJ6kaTz8TwyCh96AlpHtdwov7tiJCv1Nh3TWVyoZr3EvE/rx1q76IbUR6EmnA8XeSFDGoBk2Rgn0qCNRsbgrCk5laIh0girE1+M1uS2QG6F0kyznwOi6RxWnTOiqVqqVC+SjPKggNwCE6AA85BGdyACqgDDB7AE3gGL9aj9Wq9We/T0oyV9uyDGVif30fdpP4=</latexit>

b0 = QTb

Geometric interpretation

<latexit sha1_base64="GuaafkJW1vB4Y932iF35Pgp9gNI="></latexit>

x = R�1b0

Simpler square

2D problem!
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• Regularization refers to methods that improve the condition number of a problem


- There are many different ways to do so


- No free lunch: better conditioning will come at the cost of decreased accuracy, 
bias, etc.
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• Tikhonov regularization


• assuming that a symptom of an unstable solution is that the solution x’s 
magnitude becomes too large, we will penalize solutions with large L2 norms

<latexit sha1_base64="/6+f7WataJYaCUUWurVv6/EOyuE="></latexit>

xsolution = argmin kAx � bk2
2 + lkxk2

2
• The regularization factor  controls the degree to which we prefer smaller solutionsl
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A simple way to reduce the condition number
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Trick: merge identity into ATA and then just use normal solver.
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Tikhonov regularization
A simple way to reduce the condition number
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argmin
h
xTATAx � 2bTAx + kbk2

2 + lkxk2
2

i

= argmin
h
xTATAx � 2bTAx + kbk2

2 + lxTITIx
i

lbiglmediumlsmall

Geometric interpretation: the addition

of an identity matrix causes the matrix


to scale input vectors more uniformly in

different directions.

Trick: merge identity into ATA and then just use normal solver.
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LU Factorization: 

- simply add    to to  
(via normal eqns) 

… and solve!

<latexit sha1_base64="UqoFbqSLYLC6i8ENEXs/18KWwdE="></latexit>

lI ATA

QR Factorization

- Factorize the extended matrix  

 

                                    
 

instead of A, append n zeros to 
the right hand side b.

<latexit sha1_base64="yK3fRjW5rgCj9IjhCD7K+nI6zZI="></latexit>
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